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. Abstract: We consider a scalar thick brane configuration arising in a 5D theory of gravity 

, coupled to a self-interacting scalar field in a regular Riemannian manifold. We take as a CZ) 

starting point a known classical solution of the corresponding field equations and elabo- C ^ 

I rate on the physics of the transverse traceless modes of linear fluctuations of the classical ^ ^ 

background, which obey a Schrodinger-like equation. We further consider a special case 
in which this equation can be solved analytically for any massive mode with m? > 0, 
allowing us to study in closed form the massive spectrum of Kaluza-Klein (KK) excita- 
tions. We obtain two bound states - the massless 4D graviton free of tachyonic instabilities 
and a massive KK excitation - as well as a continuous spectrum of massive KK modes. 
Between the massless and the excited modes there is a mass gap defined by the inverse 
of the brane thickness, getting rid of the potentially dangerous multiplicity of arbitrarily 
light KK modes. It is shown that due to this lucky circumstance, the solution of the mass 
hierarchy problem is much simpler and transparent than in the (thin) Randall-Sundrum 
(RS) two-brane configuration. Corrections to Newton's law in the thin brane limit are 
finally quoted. 
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1. Introduction 

Even if large extra dimensions - in opposition to the KK picture where they are compact 
and small - have a spatial nature, they are quite similar to time in the sense that a 3-brane 
has only one point available along them. When considering time evolution of an object, it 
has no access to past or future, it can exist just at one instant along the arrow of time. 

The idea of living in an Universe with extra dimensions is quite old and has evolved 
in several directions, depending on the problem under consideration: unification of gravity 
and electromagnetism [|^, ^, the cosmological constant problem [Q, dark matter |^, the 
mass hierarchy problem ||5|, ^, localization of gravity on thin and thick branes |1C]- 



|14], etc. Moreover, localization of 4D gravity [15H|18] as well as matter fields [|19|] on 
scalar thick brane configurations was presented in the framework of Weyl geometries. 

Within this context, an alternative mechanism to compactification and a solution to the 
mass hierarchy problem were proposed in @-||8| using a 5D world described by gravity, a 
cosmological constant and a pair of thin branes. However, this setup leads to a singular 5D 
manifold of orbifold type. Quite soon there have appeared several models that attempted 
to solve this crucial problem from the gravitational point of view by smoothing out the 
brane configurations in several ways |jl^-|14], |2C]. 

In this paper we continue previous work done on localization of 4D gravity on thick 
branes with Poincare symmetry and we show that the mass hierarchy problem can be solved 
in a much simpler and more transparent way than in the Randall-Sundrum (combined 
with Lykken-Randall) thin brane approach ||^, |^ . The novel feature is an analog quantum- 
mechanical potential of linearized (around a 4D Poincare-invariant background) 5D gravity, 
that asymptotes to a positive constant value and leads to a mass gap in the KK-spectrum 



of the gravitational fluctuations. Besides, the present thick brane approach represents a 
better alternative to solve the mass hierarchy than the RS two-brane model since the 
TeV brane can have positive tension, contrary to RS. 

We consider, first, a thick brane classical solution, and make a suitable ansatz for its 
linear perturbations. Then, as customary, we recast the problem into the solution of a 
Schrodinger-like equation with an analog quantum-mechanical potential Vqm defined by 
the curvature of the spacetime. Following [^] we consider a special case in which this 
potential constitutes a modified Poschl-Teller one. We then show that 4D gravity can be 
recovered by solving this equation for the massless zero mode. A qualitative (physical) 
analysis of the behavior of the massive KK-modes is performed by studying the structure 
of the analog quantum mechanical potential. We point out that there are two bound states: 
the massless one corresponding to a localized 4D graviton free of tachyonic instabilities, and 
a massive excitation mode. These modes are separated by a mass gap that is completely 
defined by an integration constant inversely proportional to the thickness of the brane. ^ 
There is also a continuous spectrum of delocalized massive modes. We get more insight 
into the physics of these modes by analytically solving the corresponding Schrodinger-like 
equation. Explicit expressions for the massive bound state as well as for the continuous 
tower of massive KK-excitations are given. The latter are put in terms of associated 
Legendre functions of first and second kind, allowing us to analytically study the behaviour 
of massive modes, contrary to usual numerical approaches (see, e.g., 



By considering an scenario in which, in addition to the thick brane, a (in principle thin, 
positive tension) probe brane - where the Standard Model (SM) particles are trapped - 
is located at an appropriated distance away from the thick brane, we are able to solve 
the mass hierarchy problem by following the procedure of References |0, |8|. Due to the 
existence of the mass gap in the graviton KK-spectrum, the solution is much simpler and 
transparent than in thin RS brane configuration. Concluding remarks are finally given. 



2. Poincare— invariant Solution 



Consider the 5-dimensional Riemannian action given by |T^, ^] (we take = 1/8 for 
the time being) 



d^xy/\G\ 



^R,-l{V<t>f-V{(^) 



(2.1) 



where 4> is a bulk scalar field and V{(p) is a self-interacting potential for the scalar field. We 
shall study a solution which preserves 4-dimensional Poincare invariance with the metric 



.my) 



(2.2) 



where e^^^'^'^ is the warp factor of the metric and depends just on the fifth dimension y, 
m,n = 0,1,2,3. We do not go into details about obtaining solutions to this system (see 



In it was shown that this constant is indeed proportional to the square root of the self-interacting 
coupling constant of the scalar field. 



11 1 for details), but just quote the following concrete solution 



{cos[a(y-yo)]} , = In {sec [a(y - yo)] + tan [a(y - ?/o)]} • (2.3) 
In [17| it was also shown that if the range of the fifth dimension is [— 7r/2, 7r/2], such a 



which, after inverting ( |2.3| ), can be explicitly written as a function of the scalar field: 

V{<t^) = —— { 1 + —I— COSh2 



solution describes a single thick brane located at yoi where a characterizes the width of the 
warp factor A ~ 1/a in the case when the constant & > 0. Thus, we have considered just 
the positive definite part of the cos function in order to avoid sign changes in the signature 
of the metric. This solution corresponds to the following self-interacting potential 

V = ^ {sec^ [a{y - yo)] - 26tan2 [a{y - yo)]} , (2.4) 



2.5) 



3. Fluctuations of the metric 

Let us study the metric fluctuations hmn of ( |2.2D given by 

dsl = e^^^y^ [r/^„ + hmn{x, y)\ dx'^dx'^ + dy\ (3.1) 

In the general case one must also consider the fluctuations of the scalar field when treating 
fluctuations of the classical background metric since they are coupled, however, following 

we shall just study the transverse traceless modes of the background fluctuations 
since they decouple from the scalar perturbations. 

We perform the coordinate transformation 

dz = e-'^dy, (3.2) 

in order to get a conformally flat metric. Thus, the equation for the transverse traceless 
modes of the metric fluctuations reads |1C, 11 1 



[dl + 2>^d, + □) /iL = 0, (3.3) 

where A' = dA/dz. This equation supports a massless and normalizable 4D graviton given 
by ^mn — CmnS^^^, where Cmn are constant parameters and = = 0. 

In order to recast equation ( |3.3D into a Schrodinger's equation form, we adopt the 
ansatz 

and get the equation 

[d^,-VQM{z)+m^]^ = 0, (3.4) 



where we have dropped the subscripts in ^, m is the mass of the KK excitation modes, and 
the analog quantum mechanical potential, which is completely defined by the curvature of 
the manifold, reads 

VQM{z) = ld',A + lid.Af. (3.5) 

In the particular case when 6 = 2 we can invert the coordinate transformation ( |3.2| ) 
and explicitly express the variable y in terms of z yielding the equality: 

cos [a{y — yo)] = sech(a2;), 

practically decompactifying the fifth dimension and sending the singularities that were 
present at — 7r/2a and 7r/2a to spatial infinity. 

In terms of z, the function A{z) adopts the following form 

A{z) = Insech(az), 



while the analog quantum mechanical potential becomes [18| 

Vqm{z) = ^{3 - 5sech2(az)}. (3.6) 

Within the framework of the Quantum Mechanics, the spectrum of eigenvalues m? 
parameterizes the spectrum of graviton masses that a 4-dimensional observer standing at 
z = sees. First of all we note that by looking at the asymptotical behavior of the effective 
quantum mechanical potential, it approaches the positive value Vqm (oo) = 9a^/4, a fact 
that guaranties the existence of a mass gap between the zero mode bound state and the 
first KK massive mode [|l2|. This situation is quite generic when considering de Sitter 3- 
branes (see [^]). In fact, the Schrodinger equation can be solved analytically for massless 
and massive modes > 0, yielding two bound states jl^: a normalizable eigenfunction 
in the form 

^-0 = Co sech^/^{az) (3.7) 
and an excited massive mode given by the expression 

^'i = Ci smh{az)sech^/'^{az), (3.8) 

where Co and Ci are normalization constants. The function (|3.7| ) is the lowest energy 



eigenfunction of the Schrodinger equation (3^) since it has no zeros, and can be interpreted 
as a massless 4D graviton with no tachyonic instabilities from modes with m? < 0, whereas 
the function ( ^.8]) represents a normalizable massive graviton with mass m = \/2a localized 
on the brane as well. Thus, there exists a mass gap between these two bound states, a fact 
that eliminates the dangerous presence of arbitrarily light KK excitations, sending them 
to energies corresponding to the scale of a (see below) . 

There is also a continuous spectrum of massive modes with m > 3a/2. Surprisingly, 
in this special case, the Schrodinger equation can be integrated as well for these massive 



KK fluctuations and we get their explicit expression in terms of the associated Legendre 
functions of first and second kind of degree 3/2 and imaginary order ^ = ip [18|: 

m = ki ^3*^2 [tanh(az)] + k2 (^^/^ [tanh(az)] , (3.9) 

where k\ and k2 are integration constants and p reads 

p = yj{m/af - 9/4. 

This fact allows us to analytically study the behaviour of the massive modes of the 
spectrum of KK excitations, a scarce phenomenon when considering smooth brane config- 
urations with Poincare symmetry since usually the coordinate transformation ( |3.2| ) cannot 
be explicitly inverted and then, the Schrodinger equation cannot be integrated for 7^ 
in the language of the coordinate z and one is forced to make use of numerical analysis 
(see 1 10, 11 1, and [^], for instance). 



When the mass reaches the critical value 2m = 3a, the order vanishes p, = and the 
associated Legendre functions simply become Legendre functions of first and second kind, 
respectively. Legendre functions of first kind are finite and normalizable at spatial infinity 
\z\ — > 00, hence we can set /c2 = when considering normalizability of this massive mode 
of KK fluctuations, getting the following expression for them 

= ki P3/2 [tanh(az)] . (3.10) 

Finally, in the case when 2m > 3a we have a continuous spectrum of eigenfunctions that 
describe plane waves as they approach spatial infinity 



^^iw) = C±{p)P^''(tanhiaz)) ~ ^,^^l_^e±-^^ (3.11) 
These are precisely the massive modes that give rise to small corrections to the Newton 



law in 4D flat spacetime |12|. 



Thus, the analytical study of the linear metric perturbations reflects the fact that 
there exists a zero mode separated from a massive excitation and a continuous spectrum 
of massive KK modes by a mass gap determined by the value of the constant m = \/2a, a 
fact that, indeed, guarantees the normalizability of the 4D graviton zero mode. 



4. Mass hierarchy problem 

In order to be able to aim at the mass hierarchy problem within the present thick brane 
scenario, one has to add a (in principle thin, positive tension) probe brane some distance 
away from the location of the thick (Planck) brane^ - where four-dimensional gravity is 
bound - in the z-direction. It is supposed, besides, that the SM particles are trapped 
in the (thin, positive tension) probe brane. In order to get the four-dimensional effective 
Planck scale, we replace the Minkowski metric by a four-dimensional metric in equation 



^ Since there is no precise meaning to the term "thick brane location" , one could think of it as the location 
z — {y — yo) where the graviton wave-function is peaked. 



( |3.1| ), leading to an effective four-dimensional action after integrating over z (y) in (p.lj). 
As customary we look at the curvature term from which one can derive the scale of the 
gravitational interactions 

(fx / dz^/\i\e^'^R, (4.1) 

where we performed the coordinate transformation dy = e^dz, and R is the four-dimensional 
Ricci scalar. The effective Plack mass can be straightforwardly calculated: 

/oo 
dze^^ = -Ml (4.2) 
-co ^ 

so that, if we take M^, ~ a ~ Mpi, then the zero mode ^'o is coupled correctly to generate 
four-dimensional (Newtonian) gravity. 

Suppose the TeV probe brane were located at some definite position zq in the extra- 
space, then the SM particles see the metric: 

gSM ^ e'A(.o)g^^ ^ sech\azo)g,,. (4.3) 

Hence, following the approach of Reference the physical mass scales are set by a 
symmetry-breaking scale 

m = sech(a2:o) mo. (4-4) 
To produce TeV physical mass scales from fundamental Planck mass parameters, we need 

sech(azo) ^ TeV/Mpi, 

i.e., azQ ~ In 2 + 16 In 10 ^ 38. Recalling that the thickness of the Planck (thick) brane 
is ~ 1/a , then the probe (TeV) brane has to be placed 40 times the thickness of 

the Planck brane away from the origin z = 0, where the graviton wave-function is peaked. 
This means that even experiments probing energies far bigger than TeV scale would not 
be able to resolve the above mentioned separation. 

There is another aspect of the problem that needs to be discussed. That standard 4D 
(Newtonian) gravity is reproduced on the thick (Planck) brane, is clear from the fact that 
there is a mass gap of energy m = \f2a ~ M^i between the stable (ground state) graviton 
^I'o and the normalizable massive graviton ^'i, that is also bound to the Planck brane. 
The continuous modes have masses bigger than ^'i and, since these are delocalized, the 
corresponding amplitudes are suppressed at the origin with respect to the amplitudes 
and ^'i. However, since the probe brane where the SM particles live is located away from 
the origin, one could think that the massive continuous modes could play an important 
role in modifying gravitational interactions at the TeV brane, as long as the ratio of the 
corresponding amplitudes to (and ^'i) grows as one recedes from z = in the extra- 
space (an effect related with the localization of ^'o and ^'i on the thick brane and with 
the delocalization of the KK-continuum) . This is true (even if we need only a separation 
Zq ~ 40/Mpi from the Planck brane to generate the correct hierarchy), but recall that the 
masses of the corresponding continuous modes are of the order of the Planck mass and 



bigger. Consequently, a 4D observer placed at the TeV brane would not be able to detect 
those modes. As the probe brane position recedes from the origin the energies accessible to 
probe brane observers decreases, as well as the possibility to detect massive modes of the 
KK-continuum. The consequence is that, as long as correct Newtonian gravity is achieved 
at the Planck brane, gravity on a probe brane located at any position in the extra-space 
will be Newtonian as well, confirming the result obtained in [Q. 



5. KK corrections to Newton's law 



Let us consider the thin brane limit a — > oo, where we can locate two test bodies at the 
center of the brane in the transverse direction and compute the corrections to Newton's 
law in 4D flat spacetime coming from the fifth dimension that are generated by the massive 
gravitons (see [^] for details) and can be expressed as follows |12| : 



U{r) ~ MlMlfG4 + M~^e""''''\^iizo)\'^ + M-^ H dme'"''\^''^"'\zo)f 

\ J mo J 

G4 + AG4Y (5.1) 



/mo 

M1M2 



where the thin brane is located at z = zq and represents the physical universe, G4 is the 
four-dimensional gravitational coupling, ^1 represents the wave function of the excited 
state, and ^f'^^™) denotes the continuous eigenfunctions. 

In this limit, since the ^i{zq) wave function is odd, it does not contribute to the 



corrections, moreover, the integral of (5J.) is dominated by the small - p region and it can 
be well-approximated by expanding the prefactor of the exponential at p = 0. In this way 
one obtains the following expression for the corrections AG4 to 4D Newton's law 

AG4 ~ M-3- A_^ie-|«'^ (1 + 0(^)) . (5.2) 

It is worth noticing that away from the thin brane limit, the correction will involve the 
massive bound state and the form of Newton's law will depend on the precise location of 
the two test bodies along the extra dimension. Corrections to Newton's law were obtained 
quite recently for brane models with a non-minimally coupled bulk scalar field in p2|. 



6. Concluding Remarks 

We have considered a particular scalar smooth brane generalization of the RS model in 
which 4D gravity is localized at a certain value of the fifth dimension. These field configura- 
tions do not restrict the 5~dimensional spacetime to be an orbifold geometry by smoothing 
out the singularities, and avoid the introduction of thin branes in the action by hand. 

When studying linear metric perturbations, we obtain an analytic expression for the 
lowest energy eigenfunction which represents a single bound state that can be interpreted 
as a stable 4D graviton free of tachyonic modes with rr? < 0. There is also an excited KK 
massive mode separated from the massless graviton state by a mass gap determined by the 
scale of the constant a, inversely proportional to the thickness of the brane. The appearance 



of the mass gap eliminates the dangerous low-energy KK graviton excitations from the 
theory under consideration (in the considered special case). The gap is a consequence 
of the fact that the quantum analog potential of the Schrodinger-like equation, obtained 
after linearizing 5D gravity, asymptotes to a positive constant, unlike most part of related 
models, where the potential asymptotes to zero (see, for instance, |1C]-[14| and [pO|]). 

We get as well a continuous spectrum of massive KK modes that starts at m = 3a/2 
and turn into continuum plane waves as they approach spatial infinity. The massive modes 
of KK excitations are explicitly given in terms of associated Legendre functions of first and 
second kind, allowing for an analytical computations of corrections to Newton's law along 
the lines of ||l^ and in contraposition to implemented numerical approaches |11, 14 1. 



One of the main achievements of the present paper is that, following the procedure 
of [0, ^, a resolution of the mass hierarchy is given by placing a positive-tension probe 
brane - where the SM particles are trapped - some distance away from the thick (Planck) 
brane in the extra-space. As already discussed, there is a mass gap of order of the Planck 
mass scale, that provides a clue to solving the mass hierarchy while recovering Newtonian 
gravity on the TeV brane in a clear and simple way. 
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